Introduction. Recently in [8] Vaught introduced the interesting notion of a pair of cardinals (tc(A), tc(R 0 )) for a model <A, R o , •> of a given first-order theory with identity. He proved that if a theory (with countably many nonlogical constants) has a model with a pair of cardinals {a, β) where ω g β < α, then it has a model with the pair of cardinals (ω l9 ω 0 ). In this paper we have obtained a number of results along the same lines (they may be found in detail in §4); roughly speaking, our results are concerned with increasing one or both of the cardinals in the pair {a, β).
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It turns out that most of our results on pairs of cardinals of a model are simple consequences of set-theoretical theorems concerning ultraproducts, ultrapowers, and limit ultrapowers of pairs of cardinals. We have isolated these set-theoretical theorems in § 2 and § 3, where they are presented with no reference to model theory.
In the last section of the paper, we give some counterexamples to certain plausible conjectures analogous to Vaught's and our results. We conclude the paper by stating a number of open problems. We wish to make it clear here that we do not claim to have originated all of these problems; in view of Vaught's result, some of them arise quite naturally and undoubtedly have been considered before.
1. Preliminaries* We employ the usual symbols ε, g, Π, U, Π> U, to denote the various familiar set-theoretical notions. The expression {t I φ(t)} shall denote the set of all elements t such that φ(t) holds. Ordinal numbers will be denoted by ξ, ξ, η, and natural numbers (finite ordinal numbers) by m, n, p. The symbols 0,1, 2, •••, denote the first natural numbers. We suppose the ordinals have been defined so that each ordinal coincides with the set of all smaller ordinals. Thus in particular 0 is the empty set. We identify cardinal numbers with the corresponding initial ordinal numbers. The letters a, β, y, 8, denote arbitrary cardinals; ω denotes the smallest infinite cardinal; a + denotes the smallest cardinal greater than a. For each ordinal ξ, ω ζ denotes the smallest infinite cardinal which exceeds ω ζ for each ξ < ξ. The cofinality of the cardinal a is denoted by cf(a). (See [6] for its definition and elementary properties.) The notion of the sum ξ + ξ of two ordinals I, ξ is assumed to be known. Let a { be a cardinal for each i e I; Σie/^i and ΠieA denote, respectively, their cardinal sum and cardinal product. a β shall denote the cardinal a to the power β; a-shall denote the cardinal a to the weak power β, i.e., Σ y<j8 tf v . Let X, I, and X { for each i e I be arbitrary sets. ^ej^Q denotes the cartesian product of the sets Xi with iel, and Λ:(X) denotes the cardinal of X. We assume the reader is familiar with the notions of a filter on /, and an ultrafilter on J. Let D be an ultrafilter on I. For any functions f,ge &\ei a ii we write f = D g (read / and g are equivalent modulo D) if {i e I\f(ί) = g(i)}eD. The statement / = D g has the intuitive meaning that / and g are equal almost everywhere. It is proved in [2] To conclude this section, we shall prove a preliminary result concerning the products of cardinals. To prove the lemma, it is sufficient to show that
It is obvious that tc(J ό ) ^ ιc(S Λ ), and hence
Since α is infinite and S α C S ω {J ό ), we have
The lemma is proved. Since each s is finite, J s is finite. Again, using the fact that each a { is infinite, we have
Putting (l)- (5) together we obtain the conclusion of the lemma. 
set ies ieuί
Since \Jte S ω (I), (1) follows. Now, the conclusion of the theorem follows from (1) The results obtained so far in this section in Corollary 3.3 and Theorems 3.5 and 3.6 can be stated more simply if we assume the Generalized Continuum Hypothesis. The reason for this is because the operations of cardinal powers and cardinal products become more transparent. For the remainder of this section, we assume the Generalized Continuum Hypothesis. THEOREM 
Suppose M is closed under ultrapowers. Let {a, β) e M. Then the following hold:
Proof. It is known that a < a y if and only if cf(a) ^ 7. By the Generalized Continuum Hypothesis, we see that α c/(α) = a + . Hence the conclusions of the theorem follow from Theorem 3.5.
EXAMPLES.
Suppose M is closed under ultrapowers. If (ω ω , ω)eM then (ω ω+1 , ω ± ) e M. If (ω 2 , ω) e M then (ω 2 , ω x ) e M. If (ω ω , ω λ ) e M then (ω β+1 , ω x ) e M. THEOREM 
Suppose M is closed under ξ-limit ultrapowers. Let (α, β) e M. Then the following hold:
(i) If a < 7 and β < 7, then (7, 7) e M .
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(ii) // β < 7 ^ cf{ά), then {a, y)eM .
(iii) If a< Ί S cf(β), then (7, β) (i ) If cf(a) = cf(β) and for every 7 < <x, δ < β, there exist 7', δ' such that 7 < 7' < a, δ < δ' < β, and (7', δ') 4. Applications to model theory. We shall now give a brief introduction to those portions of the theory of models which are pertinent to this section.
By a similarity type, or briefly a type, we mean a function T whose domain is a cardinal different from 0 and whose range is included in ω. Let T be a type such that Γ(0) = 1 and let δ be the domain for T. A system 21 = (A, i2 e > e<β is said to be a structure of type T if A Φ 0, and, for each ξ < 3, R ξ is a Γ(|)-ary relation over A.
Let L(T) be the first-order predicate logic with identity symbol =, an infinite sequence of individual variables ^ v lf v 2y , a Γ(f)-placed predicate symbol P ξ for each ξ < δ, the usual symbols for propositional connectives and quantifiers, and no predicate or functional variables or individual constants. We assume the definitions of formula and sentence are known, as well as the notion of a sentence of L(T) holding in a structure of type T. A class K of structures of type T is said to be an elementary class if there exists a set Γ of sentences of L(T) such that a structure 21 belongs to K if and only if every sentence of Γ holds in SI. A class K of structures of type T is said to be elementarily closed if whenever 2Ie/£ and every sentence of L(T) holding in 2ί holds in 33, then 23 e K (or, equivalently, K is a union of elementary classes). Notice that every elementary class is elementarily closed.
By the pair of cardinals for a structure <(A, iί e >e<δ we mean the pair (κ(A), /c{R 0 ) ). We let M(K) = {(a, β) \ a, β are infinite and there exists 2ί e K such that (a, β) is the pair of cardinals for 21}. Notice that if (a, β) e M{K), then a^β. The following lemmas are easy consequences of known results in the literature (see [2] and [4] ). Lemmas 4.1 and 4.2, and thus the statements (A) and (B), can be somewhat improved. This is done by substituting the notion of an elementary class by the more general notion of a pseudo-elementary class (i.e., PC, see [2] and [7] ) in Lemma 4.1, and substituting the elementarily closed class by the more general union of pseudo-elementary classes in Lemma 4.2. Moreover, for any structure 21, the class K of all structures which are isomorphic to elementary extensions of 21 has the property that M(K) is closed under both ultraproducts and £-limit ultrapowers. Therefore both (A) and (B) are valid for such classes K.
We shall now state some earlier theorems formulated in terms of pairs of cardinals which will give some idea of how our results (A) and (B) stand with respect to what was previously known concerning M(K). These earlier results differ from ours in that they depend on d, the domain of the similarity type T.
(C) (Lowenheim-Skolem-Tarski) Let K be an elementarily closed class. Let (a, β) e M(K) and let 7 be an infinite cardinal such that δ^j. Then (7, 7) e M(K). Furthermore, if β^y^a, then (7, β) 
e M(K).
(D) (Vaught [8] ) Let K be an elementarily closed class. Let 3 ^La) and let a Φ β. If (a, β e M(K) 
then (ω 19 ω 0 ) e M(K).
The following is a corollary of (A) and (C).
(E) Assume the Generalized Continuum Hypothesis. Let K be an elementary class. If 8 ^ a, cf(a) < β, and for every 7 < a there exists 7' such that 7 < Y < a and (7', β) 
e M{K), then (a, β) e M(K).
Results similar to (E), but depending on (A) alone, follow from Theorems 3.7-3.9.
The following is a corollary of (B) and (C).
(F) Assume the Gereralized Continuum Hypothesis. Let K be an elementarily closed class, and let (a, β) e M(K). If β ^ 7' ^ 7 ^ a and δ ^ 7, then (7, 7') 
e M(K).
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